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Molecular-statistical description of the smectic-A–smectic-C phase transition

F. Giebelmann and P. Zugenmaier
Institute of Physical Chemistry, Technical University Clausthal, Arnold-Sommerfeld-Strasse 4, D-38678 Clausthal-Zellerfeld, Ge
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A simple molecular-statistical model of the smectic-A–smectic-C phase transition is proposed. Assuming a
bilinear mean-field potential, the macroscopic tilt angle is calculated by Boltzmann statistics as a thermal
average of the molecular tilt. The calculation leads to an equation of state for the smectic-C phase which is a
self-consistent-field equation involving the Langevin function of a reduced tilt and a reduced temperature. This
molecular-statistical approach of the smectic-C–smectic-A phase transition is in principle analogous to a
ferromagnetic phase transition with spin numberS→`. An excellent description of experimental tilt angle data
for the complete temperature range of the smectic-C phase is achieved with only one or two fit parameters,
respectively. Differences between tilt angle data obtained by optical and by x-ray experiments originate from
different moments of the tilt angle distribution function and from different interaction parameters for the
mesogenic cores and the complete molecule.@S1063-651X~97!00504-7#

PACS number~s!: 61.30.Cz, 64.70.Md
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I. INTRODUCTION

Smectic-A ~Sm-A! and smectic-C ~Sm-C! liquid crystals
are anisotropic fluids of, e.g., rod-shaped molecules exh
ing a long-range orientational order of the long molecu

axis along the directornŴ and a quasilong-range position
order of the molecular centers of gravity in one dimensi
which leads to a layered structure of periodd along the

smectic layer normalzŴ ~cf. Fig. 1!. A liquidlike positional

order is found for all directions perpendicular tozŴ. Sm-A and
Sm-C phases exhibit the same fundamental structure inv

ing two preferred directions in space,nŴ andzŴ. The distinc-
tion between both phases is given by the mutual arrangem

of nŴ andzŴ: In the Sm-A phase the directornŴ and the smectic

layer normalzŴ are parallel to each other, while in the Sm

C phase the directornŴ is inclined by a tilt angleQ with

respect to the layer normalzŴ.
The thermodynamic state of liquid crystalline phases

described by the introduction of certain order paramet
The degree of axial orientational order is expressed by
Hermans orientational order parameterS @1#,

S5
1

2
^3cos2a21&, ~1!

with a being the angle between the individual long molec
lar axis and the director. The Hermans parameterS was
adopted for liquid crystalline systems by Tsvetkov@2#. The
degree of positional order in thez direction is described by a
smectic order parameters,

s5 K cosS 2p

d
zD3cos2a21

2 L , ~2!
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which was introduced by Kobayashi and McMillan@3–5#.
The extent of director tilt is measured by the mean value
the molecular tilt represented by its magnitudeq>0 and its
azimuthal tilt directionw:

K qS coswsinw D L . ~3!

Assuming a uniform tilt direction, the absolute valu
Q5u^q(sinw

cosw)&u, which is the macroscopic tilt angleQ, may
be considered as an order parameter. In the case of hi
ordered smectics, further order parameters have to be
fined.

FIG. 1. Structural changes at the smectic-A–smectic-C phase

transition: In the smectic-C phase the directornŴ is inclined by the

tilt angleQ with respect to the smectic layer normalzŴ.
5613 © 1997 The American Physical Society
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5614 55F. GIEßELMANN AND P. ZUGENMAIER
Liquid crystal phase transitions are characterized by a
nificant change of, at least, one order parameter which is
characteristic order parameter of that phase transition. Th
ries of phase transitions are expected to explain these o
parameter changes. The characteristic order parameter fo
first-order isotropic-nematic (N) phase transition is the ori
entational order parameterS. A statistical theory on this tran
sition was first given by Born@6# in 1916. Born’s theory,
which was a molecular field approach similar to the We
theory of ferromagnetism, failed because it assumed a p
ordering of the molecular long axis thus neglecting the ax

or pseudovector property of the directornŴ . Today, the gen-
erally accepted molecular-statistical model of the nema
isotropic transition is the Maier-Saupe theory@7#, which ex-
plains the axial long-range orientational order by a me
field approach based on induced dipole interactions.
phenomenological, Landau-type mean-field theory for
nematic-isotropic transition has been suggested by
Gennes@8#. TheN–Sm-A transition, which may be of first o
second order, is characterized by the smectic order param
s. Phenomenological and molecular-statistical approac
have been proposed by Kobayashi@3,4#, McMillan @5#, De
Gennes@9,10#, and Meyer and Lubensky@11#.

The characteristic order parameter of the Sm-A–Sm-C
transition is given by the macroscopic director tilt angleQ.
Early measurements by Taylor, Arora, and Fergason@12# on
the temperature dependence of the tilt angle suggested
the Sm-A–Sm-C transition is a continuous, second-ord
phase transition. The molecular origin of the Sm-C tilt has
not been conclusively clarified. Several models have b
proposed explaining the Sm-C tilt by permanent dipole in-
teractions~McMillan and De Jeu@13,14#!, steric interactions
~Wulf @15#! and permanent dipole-induced dipole intera
tions ~Van der Meer and Vertogen@16#!. Phenomenologi-
cally, the tilt angle is described by a Landau expansion of
free energyf about the phase transition temperatureTC ,

f5 f 01
1

2
a~T2TC!Q21

1

4
bQ4, ~4!

with temperatureT, Landau coefficientsa,b, and an additive
constant f 0 representing the nonsingular part off . This
Landau-expansion was extended for chiral Sm-C * phases by
Žekš@17#, considering the helicity and ferroelectricity of th
Sm-C * phase induced by chirality with the introduction
secondary order parameters.

Although the Landau expansion~4! gives a straightfor-
ward approach to many phenomena related to the
A–Sm-C transition, its application involves various prob
lems which are somehow unsatisfactory from a more ri
point of view. They are as follows.

~i! An unusually largesixth-order term1
6cQ6 has to be

added to the free energy expansion~4! in order to achieve a
proper description of experimental results@18#.

~ii ! A slight temperature dependence of the coefficie
b andc has to be assumed for a description of the Sm-C tilt
far below the phase transition temperatureTC @19#.

~iii ! Due to the lack of a relevant molecular model,
physical interpretation of the Landau-expansion coefficie
a, b, andc is available.
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In this paper, we will present a rather simple statistic
model which provides an excellent description of optical a
x-ray tilt angle data for the complete Sm-C temperature
range with a maximum of two fit parameters. The mod
might lead to an interpretation of the Landau coefficien
their temperature dependence, and the problems relate
the unusually large sixth order term.

II. MOLECULAR-STATISTICAL MODEL

For further treatment it is useful to introduce a set

molecular tilt vectorssW, s2W , . . . ,snW , which describe the tilt
angle distribution of a Sm-C sample. The molecular tilt vec
tors are of lengthsq,q2, . . . ,qn (q denotes the size of the

molecular tilt! and point along the azimuthal directionsŴ of
the molecular tilt:

sW5qsŴ,

s2W5q2sŴ,

•••

snW5qnsŴ; q>0 ~5!

with

sŴ5S coswsinw D , 2p<w<p. ~6!

The azimuthal anglew of the molecular tilt is measured to
wards the positive direction of thex axis, which is orthogo-

nal to the layer normalzŴ. Defining the mean tilt direction as
the positive direction of thex axis (w50), the various mo-
ments of the tilt angle distribution function result from

^Q&5u^sW&u5^qsŴ&,

^Q2&5u^s2W &u5^q2sŴ&,

•••

^Qn&5u^snW &u5^qnsŴ&. ~7!

The macroscopic tilt anglêQ&, the mean square tilt angl
^Q2&, and higher moments are obtained as the absolute m
nitude of the average molecular tilt vectors.

A. Assumptions

Within the notation given in Eqs.~5!–~7!, our statistical
model is based on the following assumptions.

~i! The individual molecular tilt angleq is restricted to a
finite range~Fig. 2! limited by a maximum molecular tilt
angleV:

0<q<V. ~8!

The borderline angleV is considered to be a fixed quantit
which essentially remains constant. A physical interpretat
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of V might be given by the tilt angle of the Sm-C phase in
the absence of any thermal energy, e.g., if the phase is
percooled to zero temperature.

~ii ! The potentialU of a single molecule with tilt vector
sW in the environment of its surrounding molecules with me
tilt vector ^sW& is given by the bilinear ansatz

U~sW !52l^sW&•sW ~9!

with the mean-field coefficientl.0. The physical content o
this ansatz is illustrated in Fig. 3: If the single molecule fi
to its neighboring molecules, which means that the in
vidual tilt vectorsW and the mean-tilt vector̂sW& are parallel,
the potential is low (U,0). If the single molecule disturb
the local ordering, especially ifsW and^sW& are antiparallel, the
potential is high (U.0). The tilt vectorsW formally acts as a
sterical dipole@20# which couples to an internaltilting field

represented by the mean tilt vector^sW&. In a first approxima-

FIG. 2. Basic assumptions of the molecular-statistical mod
The individual molecular tilt angleq is limited to a finite range
0<q<V. The size and the direction of the molecular tilt is e

pressed by the tilt vectorsW, which is the projection of the molecula

director nŴ onto the smectic layer plane with length sinq'q. The

unit vectorzŴ denotes the smectic layer normal.

FIG. 3. Physical content of the mean-field ansatz given by

~9!: sW is the tilt vector of an individual molecule and^sW& gives the
mean tilt direction of its neighboring molecules. If both vectors a
parallel, the individual molecule fits to the sorrounding molecu

and the potential is low~a!. The potential is high ifsW and ^sW& are
antiparallel~b!.
u-

n

i-

tion, the mean-field coefficientl should be considered as
quantity, essentially independent of temperature.

An improved understanding of the borderline angleV can
be obtained by a discussion of the mean-field potential~Fig.
4!: Rotating a single molecule within a smectic layer en
ronment by an angleq, a strong steric repulsion takes plac
if q approaches a certain angle (6V), which means that the

1nŴ and2nŴ directions of an individual molecule within a
smectic layer are separated by high potential barriers w
DU@kT. Between these walls, the potential is more or le
flat, which leads to the well known thermal tilt fluctuation
of smectic-A and smectic-C molecules. This potential is
schematically depicted by the dotted lines in Fig. 4. T
mean-field potential used in our model includes nothing bu
rough approximation of the real potential by a simple b
potential, considering the borderline case of hard-rod rep
sion with infinite potential walls at6V.

~iii ! The consideration may be simplified by the restricti
of the 2p tilt degeneracy to only two antiparallel tilt direc
tions, e.g.,w50 andw5p. With this assumption the two
component tilt vectorsW @cf. Eqs. ~5! and ~6!# reduces to a
one-dimensional tilt vector with directions

l:

.

s

FIG. 4. Discussion of the mean-field potentialU for the tilt of
an individual molecule within a smectic layer by an angleq in the
Sm-A ~a! and the Sm-C ~b! phase. The mean field potential~solid
lines! is a rough approximation of a more realistic potential~dotted
lines! by a simple box potential, considering the borderline case
hard-rod repulsion with infinite potential walls at the borderli
angle6V. For explanations, see the text.
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sŴ5s2$21,11%. ~10!

This assumption is justified by the fact that the tilt directi
F is a gauge variable, which has no thermodynamically p
determined value at all@21#. Only gradients¹F contribute
to the free energy on an energy scale far belowkT. There-
fore,F may be considered as a hydrodynamic variable,
as a thermodynamic~hard! variable. Consequently, theF
fluctuations are not relevant for the thermodynamics of
phase transition. IfQ andF fluctuations are well separate
on the energy scale, it is possible to separate the avera

over both variables. In this case, the discretization ofsŴ may

be considered as the result of theF averaging withsWW511
representing the mean tilt direction. The opposite tilt dire
tion has to be included for reasons of symmetry. Otherw
no smectic-A state with equally distributed tilt directions an
^Q&50 can be described.

~iv! The expectation values of the macroscopic tilt^Q&
and the higher momentŝQ2&, . . . ,̂ Qn& of the tilt angle
distribution function are calculated from the microscopic
vectors by application of the Boltzmann statistics.

With these assumptions the macroscopic tilt angle and
higher moments of its distribution function are calculated
the next section.

B. Mean values and equation of state

1. General expression for the nth moment

Applying Eqs.~5!, ~8!, and~10! to Eq.~9!, the mean-field
potential reads

U~q,sŴ !52l^qsŴ&•qsŴ. ~11!

Remembering that the average molecular tilt^qsŴ& defines
the macroscopic tilt̂Q& in the positivex direction, Eq.~11!
may also be written as
-

t

e

ing

-
e,

e

U~q,s!52l^Q&qs. ~12!

The single-particle distribution function reads using Bol
mann statistics

f B~q,s!5C21expS l^Q&qs

kT D ~13!

with normalization constantC:

C5E
s
E

q
f B~q,s!dqds. ~14!

The nth moment of the tilt angle distribution functio
^Qn&5^qns& @Eq. ~7!# results in

^Qn&5

E
s
E

q
@qns fB~q,s!#dqds

E
s
E

q
f B~q,s!dqds

. ~15!

The application of the third assumption allows us to repla

the outer integral over the tilt directionssŴ by a sum over the
discrete tilt directions:

^Qn&5

(
s

H s•E
q
@qnf B~q,s!#dqJ

(
s

H E
q
f B~qs!dqJ . ~16!

Insertings5$11,21% @Eq. ~10!# and the distribution func-
tion @Eq. ~13!# and specifying the integration range forq
according to the first assumption@Eq. ~8!#, we obtain the
general expression
n

^Qn&5

E
0

V

qnexpS l^Q&q

kT Ddq2E
0

V

qnexpS 2
l^Q&q

kT Ddq

E
2V

V

expS l^Q&q

kT Ddq

. ~17!

The first integral in the numerator of this expression is related to molecular orientations tilted in the positivex direction
(s511), the second one to molecular orientations tilted in the negativex direction (s521). The corresponding integrals i
the denominator are combined by a shift of the integration limits.

2. First moment: Macroscopic tilt angle

The first moment or the linear average of the tilt angle distribution function is the macroscopic tilt angle^Q& and calculated
from Eq. ~17! with n51:

^Q&5

E
0

V

qexpS l^Q&q

kT Ddq2E
0

V

qexpS 2
l^Q&q

kT Ddq

E
2V

V

expS l^Q&q

kT Ddq

5

E
2V

V

qexpS l^Q&q

kT Ddq

E
2V

V

expS l^Q&q

kT Ddq

5VL~aV!. ~18!



,
-

-

nd

e

in
1.

r

ua

e
a

ion

ion

ro-
e
e
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Substitutinga5l^Q&/kT and carrying out the integration
the right-hand side of Eq.~18! simply reduces to the Lange
vin functionL(aV). After resubstitution Eq.~18! reads

^Q&5VS cothS l^Q&V

kT D2
1

S l^Q&V

kT D D 5VLS l^Q&V

kT D .
~19!

Equation ~19! is a self-consistent-field equation~SCF! for
^Q&. The macroscopic tilt anglêQ& is expressed as a func
tion of temperatureT by the real solutions of Eq.~19!.

3. Equation of state

Following the treatment of Weiss@22#, the SCF equation
~19! can be solved graphically by plotting the left-hand a
the right-hand sides of Eq.~19! as a function of̂Q& ~Fig. 5!.
The trivial solution^Q&50 represents the Sm-A phase. A
further, nontrivial solution exists, if the initial slope of th
right-hand-side function13(lV2/kT), which results from the
Taylor expansion of the Langevin function, exceeds the
tial slope of the left-hand-side function, which is simply
The borderline case represents the Sm-A–Sm-C phase tran-
sition into the tilted phase with the transition temperatu
TC ,

15
1

3

lV2

kTC
,

and the mean-field coefficientl is obtained by

l5
3k

V2TC . ~20!

Substitution of the mean-field coefficient in the SCF eq
tion ~19! leads to

^Q&5VLS 3TCT ^Q&
V D . ~21!

Introducing the reduced temperaturet,

FIG. 5. Graphical solution of the self-consistent-field equat
~19!. For explanations, see the text.
i-

e

-

t5
T

TC
, ~22!

and the reduced tilt̂Q r&,

^Q r&5
^Q&
V

, ~23!

a very simpleequation of stateis obtained for the Sm-C
phase:

^Q r&5LS 3^Q r&
t D . ~24!

The equation of state~24! can be solved numerically. Th
general result is depicted in Fig. 6. It clearly describes
second order phase transition witĥQ r&50 for T>TC
(t>1) and a steep but continuous increase of^Q r& for
T,TC (t,1).

The numerical solutions of the equation of state~24! may
be approximated by an expansion of the Langevin funct
up to the fifth order of̂ Q r&,

^Q r&'
1

t
^Q r&2

3

5t3
^Q r&

31
18

35t5
^Q r&

5

0'S 1t 21D2
3

5t3
^Q r&

21
18

35t5
^Q r&

4 ~25!

with the real, positive solution of Eq.~25! given by:

^Q r&'
1

6
~21t223A280t52231t4!1/2. ~26!

FIG. 6. General results for the reduced values of the mac
scopic tilt ^Q r& @first moment, Eq.~24!#, the reduced mean squar
tilt ^Q r

2& @second moment, Eq.~28!#, and the root per mean squar
tilt ^Q r ,rms& as a function of the reduced temperaturet5T/TC with
temperatureT and phase transition temperatureTC .
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This approximation is compared to the numerical solution
the equation of state~24! in Fig. 7 leading to the conclusion
that this approximation is valid for a reduced temperat
range of 0.9<t<1. Assuming a phase transition temperatu
of TC'350 K, the reduced temperaturet50.9 corresponds
to TC2T535 K, which is a sufficient range of validity fo
the description of most Sm-C phases.

4. Second moment: Mean square tilt angle

The second moment of the tilt angle distribution functi
or the mean square tilt angle is calculated by Eq.~17! with
n52:

^Q2&5

E
0

V

q2expS l^Q&q

kT Ddq2E
0

V

q2expS 2
l^Q&q

kT Ddq

E
2V

V

expS l^Q&q

kT Ddq

5V25 F 11
2

S l^Q&V

kT D 2G cothS l^Q&V

kT D
2

2

l^Q&V

kT

2
2

S l^Q&V

kT D 2sinhS l^Q&V

kT D 6 .

~27!

Substitutingl by Eq. ~20! and introducing the reduced var
ables^Q r& andt @Eqs.~22! and ~23!# we obtain

FIG. 7. Approximation of the numerial solution of the equati
of state~24! by Eq. ~26! in the vicinity of the phase transition. Th
reduced macroscopic tilt̂Q r& is plotted vs the reduced temper
ture t.
f

e
e

^Q r
2&5S 11

2t2

9^Q r&
2D cothS 3^Q r&

t D2
2t

3^Q r&

2
2t2

9^Q r&
2sinhS 3^Q r&

t D . ~28!

The reduced mean square tilt^Q r
2& was calculated from the

^Q r& values obtained from the numerical solution of t
equation of state. The results are plotted in Fig. 6.

The reduced values of the root per mean square
Q r ,rms are calculated by

Q r ,rms5A^Q r
2& ~29!

and also plotted in Fig. 6. As shown in Fig. 6, the thr
averageŝQ r&, ^Q r

2&, andQ r ,rms are related for all reduced
teperaturest by the inequality

^Q r
2&<^Q r&<Q r ,rms. ~30!

An approximation for the mean square tilt is obtained
expanding the right-hand side of Eq.~28!:

^Q r
2&5

3

4t
^Q r&2

3

8t3
^Q r&

31•••. ~31!

For small values of̂Q r&, the mean square tilt^Q r
2& depends

linearly on ^Q r&,

^Q r
2&'

3

4t
^Q r& ~32!

and the root per mean square tilt increases with the sq
root of ^Q r&:

Q r ,rms'
A3
2
A^Q r&

t
. ~33!

As we will show later, the various tilt averages are obtain
by tilt angle measurements with different experimental te
niques.

III. EXPERIMENTAL DATA

In this section the molecular-statistical model will be a
plied to experimental data. First, we will discuss the num
and the nature of fit parameters involved by this model. S
sequently, the question will be addressed as to which exp
mental technique will be used to measure what momen
the tilt angle distribution. Finally, the model will be applie
to fit tilt angle data of various sources, obtained by vario
experimental techniques.

A. Fit parameters and refinement

The equation of state~24! and the related equations~28!
and~29! are formulated in terms of the reduced variables
stateQ r andt. Strictly speaking, they describe a situation
corresponding states, resulting in a unified description which
should be valid for all Sm-C phases. Consequently, the
equations involveno fit parameter.
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These reduced quantities are not available by an exp
ment. With the definition of the reduced tilt angle given
Eq. ~23!, the various tilt averages are obtained from the
duced quantities by

^Q&5V^Q r&, ~34!

^Q2&5V2^Q r
2&, ~35!

Q rms5VQ r ,rms. ~36!

For any temperature ratioT/TC the values of̂Q r&,^Q r
2&, and

Q r ,rms are given by the solution of the equation of state~Fig.
6!. The one and only fit parameter involved by the mode
the maximum tilt angle of the indvidual moleculeV.

In systems with low dimensionality (d,4), mean-field
theory provides only a first approximation of critical ph
nomena. In order to improve the fitting of the theory to e
periments, the mean-field approach is usually refined by
introduction of a temperature-dependent potential stren
l(T) ~e.g., by Gerlach@23# for the Weiss theory and by
Chandrasekhar and Madhusudana@24# and Humphries,
James, and Luckhurst@25# for the Maier-Saupe theory!. This
refinement gives some corrections to basic lacks of me
field theory which neglects the effects of the following:~i!
thermal expansion, changing the packing density and the
termolecular distancer ; ~ii ! fluctuations of the mean field
due to short range interactions, which are important clos
the phase transition; and~iii ! higher order terms in the mean
field potential @e.g., a third order term in Eq.~9!#, which
might become evident at high values of the order param
far below the phase transition.

These effects are reflected by an apparent temperatur
pendence of the mean-field coefficientl(T). Assuming a
constant temperature coefficientaV , l(T) may be written as

l5
l0

11aV~T2TC!
~37!

with l0 being the mean-field coefficient at the phase tran
tion (T5TC). With this ansatz, the refined equation of sta
reads

^Q r&5LS 3 ^Q r&
t@11aV~T2TC!# D . ~38!

Introducing an apparent reduced temperaturetapp,

tapp5t@11aV~T2TC!#, ~39!

the refined approach, Eq.~38!, is written as

^Q r&5LS 3^Q r&
tapp

D . ~40!

Equation ~40! suggests that the effect of a temperatu
dependent mean-field coefficient is transformed on a dif
ent temperature scale given bytapp: An increase of the in-
teraction coefficient has the same effect on the ordering
decrease of the reduced temperature reflected bytapp,t for
aV.0. This refined approach involves two fit paramete
V andaV . A more detailed interpretation ofl(T) and its
ri-
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:

temperature coefficientaV cannot be discussed within th
framework of classical mean-field theory and needs m
sophisticated models including short range interactions
fluctuation effects.

In these considerations, the phase transition tempera
TC wasnot treated as a fit parameter because its value m
be easily determined by experimental observation. Of cou
the fitting procedure may be executed to allow an adjustm
of the experimentally determined value within the typic
range of experimental errors of about61 K.

B. Experimental relevance of the various tilt averages

If the director tilt angle is considered as a dynamic qua
tity which undergoes statistical fluctuations in general, it h
to be checked which experimental technique leads to a
tain average~moment! of the tilt angle distribution function.
The Sm-C tilt angle is experimentally determined by optic
or x-ray methods. Optical measurements are carried ou
conoscopical observation parallel to the smectic layer nor
or by measuring the orientation of a homogeneously alig
sample ~director perpendicular to the light propagatio!
which led to an extinction between crossed polars. Th
optical methods basically probe the direction of the opti
axis, which is given by the main axis of the dielectric tens
at optical frequencies. Therefore, the optical tilt angleQopt is
related to the linear average^Q& of the tilt angle distribution
function:

Qopt5^Q&5V^Q r&. ~41!

The x-ray measurement of the Sm-C tilt is carried out by
comparing the smectic layer spacingdC of the Sm-C phase
with the layer spacing of the Sm-A phasedA , which leads to
the cosine of the tilt angleQ:

cosQ5
dC
dA

. ~42!

Orientational fluctuations of the long molecular axis, giv
by the main axis of the molecular principal axis of inerti
lead to fluctuations of the smectic layer thickness which
linearly averaged during the x-ray experiment, and Eq.~42!
should be rewritten as

^cosQ&5
^dC&

^dA&
. ~43!

Therefore, the x-ray experiment measures the cosine ave
of the tilt angle, which is related to the even momen
^Q2&, ^Q4&, . . . of the tilt angle distribution function:

^cosQ&5 K 12
Q2

2
1••• L 512

^Q2&
2

1•••. ~44!

The x-ray tilt angleQx ray is calculated by

Qx ray5arccos~^cosQ&!

5arccosS12
^Q2&
2

1•••D5A^Q2&2
1

24
~A^Q2&!31•••

'A^Q2&. ~45!
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Consequently, the x-ray tilt angleQx ray is related in a first
approximation to the root per mean square tilt angleQ rms:

Qx ray'Q rms5VQ r ,rms. ~46!

In fact, experiments often show a pronounced differen
between optical and x-ray tilt angles with respect to the s
and the temperature dependence of the tilt. These differe
are explained in the framework of our model by the follo
ing considerations.

~i! Influence of the maximum tiltV. Generally, the prin-
cipal axis of the molecular polarizability tensor and the m
lecular tensor of inertia do not coincide. Following this a
gument, the maximum tilt angle of the molecular optical a
~principal axis of the polarizability tensor! Vopt differs from
the maximum tilt angle of the molecular long axis~principal
axis of inertia! Vx ray and Eqs.~41! and~46! can be rewritten
as

Qopt5Vopt̂ Q r&, ~47!

Qx ray5Vx rayQ r ,rms. ~48!

~ii ! Influence of the tilt distribution. Substitutinĝ Q r& and
Q r ,rms in Eq. ~33! by Eqs.~47! and ~48! we obtain

Qx ray5A3Vx ray
2

4tVopt
Qopt. ~49!

Roughly speaking, the x-ray tilt is proportional to the squa
root of the optical tilt at the same reduced temperaturet and
tapp, respectively. The proportionality depends on the m
nitude ofVx ray andVopt.

~iii ! Influence of the interaction coefficientl(T). Packing
density and short range interactions might be quite differ
for the mesogenic core and the flexible tails of the liqu
crystal molecule. Therefore, the interaction coefficientl(T)
observed depends on the part of the molecule conside
The tilt of the mesogens related to the optical tilt or the tilt
the complete molecule probed by the x-ray tilt angle.

The analysis of experimental data given in the followi
section leads to the conclusion that the last two points s
to be most important for the interpretation of the differenc
between optical and x-ray tilt angles.

C. Measurements and fits

Our model outlined in the preceding sections is tes
with some measurements of Sm-C tilt angles which are well
established in literature. The first series of measurem
were taken on terephthal-bis(4n)-butylaniline~TBBA!. Tay-
lor, Arora, and Fergason measured the optical tilt angle
TBBA by conoscopy@12# and x-ray measurements on the t
angle of TBBA were reported by Kumar@26#. The data were
taken from literature and plotted in Fig. 8. The phase tran
tion temperatureTC reported by Kumar@26# was about 3 K
lower than the value measured by Fergasonet al. @12#. In
order to give a consistent analysis of both tilt angle data s
we decided to add 3 K to thetemperatures given by Kuma
The optical and the x-ray tilt angle of 4-hexyloxy
salicylidene-48-heptylaniline~HSHA! were measured by Os
trovskii @27#. These data are also reported in a monogra
by Blinov and Chigrinov @28# and plotted in Fig. 9.
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FIG. 8. Optical and x-ray tilt angle data of terephtal-b
(4n)-butylaniline ~TBBA!. The data are fitted by the molecular
statistical model as linear~optical! and root per mean square~x-ray!
averages of the tilt angle distribution function. Dotted lines refer
one-parameter fits with mean-field coefficientl independent from
temperatureT. The solid lines represent two-parameter fits assu
ing a temperature variation ofl. The data are taken from Refs.@12#
and @26#. Fit parameters are listed in Table I.

FIG. 9. Optical and x-ray tilt angle data of 4-hexyloxy
salicylidene-48-heptylaniline ~HSHA!. The data are fitted by the
molecular-statistical model as linear~optical! and root per mean
square~x-ray! averages of the tilt angle distribution function. Do
ted lines refer to one-parameter fits with mean-field coefficienl
independent of temperatureT. The solid lines represent two
parameter fits assuming a temperature variation ofl. The data are
taken from Ref.@28#. Fit parameters are listed in Table I.
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TABLE I. Fit parameters and related quantities obtained for the molecular-statistical model of the
A–Sm-C phase transition of TBBA and HSHA.

Compound Method Ref. TC ~K! V ~deg! aV ~1023 K21) l0 ~10–20 J!

TBBA optical @12# 446.3 25.3 35.2 9.5
TBBA x ray @26# 446.2 32.3 7.14 5.8
HSHA optical @28# 352.6 40.0 27.9 3.0
HSHA x ray @28# 351.9 44.7 20.9 2.4
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The fits according to our model are compared to the
perimental data in Figs. 8 and 9. Optical tilt angle measu
ments were fitted according to Eq.~47! with values of
^Q r& given in Fig. 6 andV5Vopt as a fit parameter. The
x-ray tilt angle measurements are fitted by Eq.~48! with
values ofQ r ,rms also given in Fig. 6 andV5Vx ray as a fit
parameter~dotted lines!. In the case of a two-parameter fi
~solid lines! with l5 f (T), the reduced temperaturet has to
be replaced by the apparent reduced temperaturetapp, calcu-
lated by Eq.~39! with aV as an additional fit parameter. Th
fit parameters (V,aV) obtained from the two-parameter fi
are listed in Table I.

In all cases our statistical model gives an excellent
scription of optical and x-ray tilt angles over the whole S
C temperature range with a maximum of only two fit para
eters. A two-parameter fit with a significant temperature
pendence ofl is necessary in order to achieve a sufficie
description of optical measurements in the case of TB
~Fig. 8! and HSHA~Fig. 9!. In contrast to this behavior, th
x-ray measurements are also nicely described by o
parameter fits over the whole temperature range. The
sumption of a temperature dependencel5 f (T) ~two-
parameter fit, solid lines! leads only to a slight improvemen
~see Figs. 8 and 9!. This behavior is reflected by the temper
ture coefficientsaV listed in Table I, which are considerabl
higher for optical tilt angles. To explain this behavior, w
may assume in a first approximation that the optical
angles are governed by the mean orientation of the hig
polarizable mesogenic cores. Obviously, packing density
short range interactions of the mesogenic cores increase
decreasing temperature, leading to a strong temperature
pendence of the interaction coefficientl in the case of opti-
cal tilt angles.

The optical tilt angles observed are generally higher th
the x-ray tilt angles. Again this behavior can be explained
the strong temperature dependence of the interaction co
cientl: With decreasing temperature the interaction betw
the mesogens increases (aV.0) and leads to a stronger ti
of the mesogenic cores with respect to the whole molec
This behavior is consistent with early qualitative consid
ations and explains why the optical~mesogen! tilt angles are
generally higher than the x-ray~molecule! tilt angles. The
differences are extreme in the case of HSHA~Fig. 9!, where
the hydroxy group laterally attached to the benzylide
aniline mesogen might lead to a very strong attraction
tween the mesogenic cores.

Comparing the shape of the optical and the x-ray tilt
temperature curves~Figs. 8 and 9!, the square root relation
between the x-ray values and the optical values given in
~49! becomes evident: At small tilt angles close to t
Sm-A–Sm-C transition, the x-ray values exhibit a steep
-
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increase than the optical values. This situation change
high tilt angles far below the phase transition.

The fitting routine has been allowed to refine the pha
transition temperatureTC , which enters into the reduce
temperaturet within a small interval of61 K around the
experimental values reported in the literature. The refin
values are also listed in Table I and do not deviate sign
cantly from the experimental ones. The small difference
the phase transition temperature of HSHA found for the
tical and the x-ray tilt angle measurements~Table I! is prob-
ably due to experimental errors involved by different adju
ments of the temperature control in the respect
experimental setups.

IV. DISCUSSION

Within the framework of the proposed molecula
statistical model, the description of the Sm-A–Sm-C second
order phase transition is based on the interaction of mole

lar tilt vectorssW. An important simplification of the mode
has been achieved by restricting the treatment on only t

antiparallel directions ofsW. The mean value of the molecula
tilt vectors serves as a two-component order parameter o
transition. The molecular tilt vectors may physically be i
terpreted as steric dipoles which are aligned by their o
mean-field interactions. The statistical treatment leads t
very simple self-consistent-field equation of state for the S
C phase. It has to be stressed that this approach is equiv
to the classical treatment of ferromagnetic phase transit
by Weiss. Consequently, the approach leads to an equa
of state which is mathematically analogous to ferromagn
transitions, however with spin numberS→` @29#. The con-
dition S→` for a magnetic system without space quantiz
tion of the spin moment corresponds to the continuous ch
acter of the tilt vector, which may have any length from ze
to a maximum lengthV.

The model also corresponds to the early statistical
scription of nematic liquid crystals given by Born@6#. The
basic lack of Born’s model was that he applied the po
ordering resulting from the Weiss approach to the nem
director, which is a pseudovector without polarity. In o
approach, the nematic director is replaced by the tilt vec
of the Sm-C phase, which indeed is a polar vector that u
dergoes a polar ordering described by the Weiss approa

Experimental tilt angle data are excellently described
our model over the whole Sm-C temperature range. The es
sential fit parameter is given by the maximum tilt angleV of
a preferred molecular axis. In the case of optical tilt an
data, the preferred molecular axis is the principal axis of
polarizability tensor, which is predominantly influenced b
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5622 55F. GIEßELMANN AND P. ZUGENMAIER
the highly polarizable mesogenic core. In the case of x-
data, the preferred molecular axis is considered to be
long molecular axis given by the principal axis of molecu
inertia. The differences between optical and x-ray data m
be comprehensively characterized by the following point

~i! The different sizes of the optical and the x-ray tilt at
certain temperature are related to different interaction co
ficients for the mesogens on one side and the complete
ecules on the other. With decreasing temperature, the in
action coefficient of the mesogens exhibits a stron
increase than the ones for the complete molecule. This le
to a higher tilt of the mesogenic cores resulting in a hig
value of the optical tilt.

~ii ! The different shapes of optical and x-ray tilt angle
temperature curves result from statistics, because optical
x-ray measurements probe different moments or average
the tilt angle distribution function.

~iii ! The difference between the maximum tilt angl
Vx ray andVopt and their influence on the relation betwe
x-ray and optical tilt is comparatively small.

If the molecular tilt vectors are interpreted as sterical
poles, the Sm-A–Sm-C transition is a second order pha
transition, driven by steric interactions. In this case, the m
lecular principal axis of inertia probed by x-ray experimen
should play a more fundamental role than the dielectric t
sor axis. The interaction coefficientsl related to the princi-
pal axis of inertia are found to be essentially constant w
out a significant temperature dependence.
et
y
e
r
y

f-
ol-
r-
r
ds
r

nd
of

-

-

-

-

Usually, the Sm-A–Sm-C transition has been described
the framework of a phenomenological Landau theory.
comparison to the Landau approach, we believe that the
posed molecular-statstical model opens an advanced
proach to the Sm-A–Sm-C transition for several reasons.

~a! The approach follows the classical mean-field tre
ment of second order ferromagnetic phase transitions
categorizes the Sm-A–Sm-C transition by basic physica
concepts of phase transitions.

~b! The model gives a convenient description of expe
mental data over the whole Sm-C temperature range involv
ing a smaller number of fit parameters than a Landau-t
description of comparable quality.

~c! The fit parameters (Vx ray, Vopt,aV) are open for a
physical interpretation in terms of molecular properties a
molecular interactions. Roughly speaking, the borderl
angleV should be related to the molecular geometry a
packing while the temperature coefficientaV corrects over-
simplifications of the mean-field approach~e.g., short range
interactions!. These questions might lead to an advanced
derstanding of the structure-property relation in Sm-C mate-
rials. ~A similar interpretation of Landau coefficients seem
to be quite a bit more complicated.!

A further analysis of the molecular-statistical model wi
respect to the thermodynamic functions, critical expone
and a quantitative comparison to the Landau approach a
progress. Some modification should also allow a descrip
of the ferroelectric Sm-A * –Sm-C * transition.
,

ogr.

em.

l

@1# P. H. Hermans and P. Platzek, Kolloid Z.88, 68 ~1939!.
@2# V. Tsvetkov, Acta Physicochim.~USSR! 16, 132 ~1942!.
@3# K. K. Kobayashi, J. Phys. Soc. Jpn.29, 101 ~1970!.
@4# K. K. Kobayashi, Mol. Cryst. Liq. Cryst.13, 137 ~1971!.
@5# W. L. McMillan, Phys. Rev. A4, 1238~1971!.
@6# M. Born, Ber. Akad. Wiss. Berlin, 614~1916!; Ann. Phys.55,

221 ~1918!.
@7# W. Maier and A. Saupe, Z. Naturforsch.14a, 882~1959!; 15a,

287 ~1960!.
@8# P. G. de Gennes, Phys. Lett.A30, 454~1969!; Mol. Cryst. Liq.

Cryst.12, 193 ~1971!.
@9# P. G. de Gennes, Solid State Commun.10, 753 ~1972!.

@10# P. G. de Gennes, Mol. Cryst. Liq. Cryst.21, 49 ~1973!.
@11# R. B. Meyer and T. G. Lubensky, Phys. Rev. A14, 2307

~1976!.
@12# T. R. Taylor, S. L. Arora, and J. L. Fergason, Phys. Rev. L

25, 722 ~1970!.
@13# W. L. McMillan, Phys. Rev. A8, 1921~1973!.
@14# W. H. De Jeu, J. Phys.~Paris! 38, 1265~1977!.
@15# A. Wulf, Phys. Rev. A11, 365 ~1975!.
@16# B. W. Van der Meer and G. Vertogen, J. Phys.~Paris! 40, 222

~1979!.
t.
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